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Riassunto .  ~2 stata s tudiata  la possibilit£ di seguire con 
un ti tolatore automatico impiegato come pH-sta t  l 'anda- 
melxto della respirazione e della glicolisi di cellule soprav- 
viventi .  I valori ot tenuti  sono in accordo con quelli 
descritti nella letteratura. 

Rispetto al metodo manometrico sono segnalati alcuni 
vantaggi quali la rapidit~t delle determinazioni, la possi- 

bilittt di variare pih parametri  sperimentali nel corso 
dell 'esperienza nonch~ la facilitA di prelievo di materiale 
durante l 'esperimento. 
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S T U D I O R U M  P R O G R E S S U S  

A n  A p p r o a c h  to  M o l e c u l a r  D y n a m i c s  of  Chemica l  
React ion 

According to the theory of transition state ~, the reaction 
rate constant can be expressed as 

k = ~(kT /h )  {Q(o/Q(i}} exp ( - - A U d k T ) ,  (1) 

where u is the transmission coefficient, k T the statistical 
temperature which is the absolute temperature  T mul- 
tiplied by Boltzmann's  constant k, h Planck's  constant, 
Q(t) the parti t ion function of the so-called transition state, 
Q(i) the partit ion function of the initial molecular system, 
and A U i is the act ivation energy. The chemical reaction 
has been classified by HomuTi  into the two types, the one 
being an effusion-type and the other a diffusion-type, by 
the relations of the transmission coefficient ~ _~ 1 and 

~ 1, respectively 2. 
However, g is a correction factor brought somewhat 

formally into the expression of rate constant. For t h e  
reaction of effusion-type (~. ~_ 1), it can be" consid6red tha t  
the transition state method of Eyring's  is a good approach. 
But  it  must be supposed tha t  the Eyring's  theory is in- 
applicable to the reaction of diffusion-type, because the 
method is based on the equilibrium model Of chemical 
reaction whose or ig inal  concept can be found in the 
elassi6al t rea tment  of ARRHENIUS 'a. -Therefore, i t  will be 
desirable to deal with the problem f÷om the more general 
point of view. 

This paper describes an approach t o the  non-equ ilibrium 
model of chemical reaction from the molecu.lar dynamical 
theory. One of our purposes in this work is to find the 
mutual  re la t ionshipsamong the several theoretical treat-  
ments of reaction rate from a unified and general situation. 

In the approach based on the non-equilibrium model, 
the problem is reduced to the diffusion problem of 
particles over a potential barrier from a potential-hollow 
corresponding to the initial configurations of reaction 
system to another hollow belonging to the final con- 
figurations of product system on the adiabatic potential  
energy surface 4. If  the degree of freedom of the reacting 
molecular system is given b y / ,  the transition (hyper-) 
surface of the dimension ( f -  1) can be defined in the 
vicinity of the 'watershed'  of a potential  barrier. A profile 
of the potential  energy surface in the two dimensional 
case is shown diagrammatically in Figure 1, Our interest 
is focused upon the diffusion flux of the representative 
points of reaction system across the transition surface in 
phase space as a consequence of Brownian motion. I t  may 
be safely said tha t  Brownian motion in the molecular 
level is responsible for diffusion process in the macroscopic 
level, in a broad sense. As shown in Figure 2, the behav- 
four of the flow of the representative points can be likened 
to the motion of Brownian particles as a whole. Such a 
Brownian particle-like motion results from the irregularly 
fluctuating forces due to the interaction between the re- 
action system and the surroundings. The reacting system 
is presumed to accept or lose energy through the fluctuat- 
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Fig. 1. A profile of two-dimensional potential energy surface. 
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Fig. 2. Brownian particle-like motion of the representative points in 
the "neighbourhood of the transition surface. 

ing forces from the surroundings. Then the passage of the 
reacting system in the vicinity of the top of 'potential 
barrier to the final state taking th~ molecular configu- 
rations of product can be achieved by means of a large 
number of f luctuat ions .  

In the /-dimensional phase space, the co-ordinates of 
position are called (qD q2 . . . . .  qf), the conjugate momenta  
are (Pl, P2 . . . . .  p]), and the reduced masses with regard to 
those degrees of freedom are ( M  v M S . . . . .  Mr) ,  respec- 
tively. The co-ordinates are chosen so tha t  these normalize 
each other in the neighbourhood of the transition surface, 
and ql is selected as the reaction co-ordinate. 

The Hamiltonian H r of the reaction system is given by 

f 
H r = ~ p~/2 M= + V(q x, q= . . . . .  qf) ,  (2) 

cZ-1 

where U(ql, q2 . . . . .  ql) is the potential  energy of the 
system. 

The potential  energy of the system is developed in the 
power series of the displacements around the saddle-point 
in the transition surface, whose molecular configuration is 
specified by suffix t, as the following: 

1 S. GLASSTONE, K. J. LAIDLER, and H. Evm~o,  Theory o/ Rate 
Processes (McGraw-Hill, New York 1941). 
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! 
U(q~,q2 . . . . .  q,) = U(q~t, qu . . . . .  q,t) +=,n22=~ C=aAq: Aq~ + ' "  

(3a) 

where  Aq~ = - ( q ~ -  q~t). Since the  posi t ion co-ordinates  
are normal  in the  v ic in i ty  of the  t rans i t ion  surface, the  
Caa m a t r i x  has only  the  d iagonal  e l emen t :  

l 
U(ql, qz . . . . .  q~) = U(qlt, qzt . . . . .  qlt) + ~ Ce=(zJqa) ~ + "'" 

(3b) 

All the  e lements  bu t  the  C n are  posit ive,  because of q~ 
being the  reac t ion  co-ordinate.  The  Cx~ e lement  can be p u t  
as 

C11 ~ _ (1/2) (02  U / O  q~)Aq ,  = 0 = - -  (1/2) 6 0 ~ / 1 ,  (3  C) 

where  w t has  the  d imension  of f r equency  (mult ipl ied by  
2 zr). All  t he  o ther  t e rms  are  col lect ively  cal led 

! 
ffZ(qz, qa . . . . .  q~) = ~ C=~(Aqa) ~. (3d) 

C t = 2  

After  all, Eq .  (3b) becomes  

U(qx, q~ . . . . .  qt) = U, - (~/~) ~o~ M~ x ~ + O(q~, q~ . . . . .  q~) + ..., 
(4) 

where  b~ - U(qxt , q2t . . . . .  q~), and x ~ Aq, = (q~ -- qlt). 

The  KRAM]~R~-CI-IANDRASEKHAR'S 4"1~ equa t ion  govern ing  
the  t ime  va r i a t ion  o f  W(qx, q~ . . . .  , q/, PI, Pu . . . . .  pg; t), 
which is the  d is t r ibu t ion  funct ion  for the  molecular  
sys tem o f / -degrees  of f reedom, is wr i t t en  as 

{O/Ot + F~ O/Op= + (p~/M~) O/Oq~} W = (5) 

= O/Op~, {kT¢=fOW/Op# + ¢~#(pt~/2~I~) IV}, 

where  F e  = - 0 U/Oqa, and tab is the  fr ic t ion tensor :  
co 

f A~(t) A#(t + s) ds, (6) (1 /h r )  
0 

A a is t he  c o m p o n e n t  of t he  t o t a l  f luc tua t ing  force owing 
to  t h e i n t e r a c t i o n  be tween  the  ~-th degree of f reedom of t he  
reac t ion  sys tem and t h e  surroundings,  and the  bar  means  
an  ensemble  average  wi th  respect  to  t h e  ini t ia l  co- 
ord ina tes  and m o m e n t a  of all  the  o ther  molecular  systems.  

P rov ided  t h a t  all the  ¢=fl excep t  the  ~11 vanish,  the  
c o m p o n e n t  a long the  react ion co-ordinate  of the  fr ic t ion 
tensor,  and under  t he  condi t ion  of E q .  (4), W becomes 
separable  as t he  fol lowing:  

W(ql, q~ . . . . . .  qI, p~, p~ . . . . .  p¢; t) = (7) 
= Wx(qx , p~; t ) .  W'(q~, qa . . . . .  q~, p, ,  pa, . .~,  pI; t), 

where  Wl(qx , Pl;  t) is the  solut ion of the  equa t ion  

(O/Ot + F x OlOp~ + p~lMx O/Oqx) W~ = (S) 

= o/OPl(kT ~1~ dW~/Op~ + Cn pt /Mx W~). 

I n  t he  ne ighbourhood  of the  t rans i t ion  surface,  Eq .  (8) 
is reduced  to  

(O/Ot + o~ 2dr x O]Opl -}- Pl/M~ O/Ox) W x = (9) 

= o/Op~(hr ¢11 O W 1 / ~ ) P l  ~-  ¢11 Pl/Mx W1). 

Here  we h a v e  used Eq .  (4) for F r  
A d m i t t i n g  t h a t  the  difference of t he  po ten t i a l  energies 

be tween  the  t op  of barr ier  and the  b o t t o m  of t he  hol low of 
t he  ini t ia l  s ta te ,  (U~ -- Ui), is suff ic ient ly  larger  t h a n  t h e  
t he rma l  ene rgy  k T, we can consider  the  s t eady  diffusion 
f lux in t he  ne ighbourhood  of the  t rans i t ion  surface.  

Eq .  (9) becomes t he r eby  

(w~ M I x OIc)p, + p ,  OlOx) W 1 = (10) 

= o/Opx (hT Cx, M~ OW~/Opx + ¢11 PI Wl)" 

Accord ing  to  t he  t r e a t m e n t  of C H A N D R A S E K H A R ' S  5, t h e  
solut ion of Eq .  (10) can  be ob ta ined  in t h e  form of 

1 ~ M  2 W l = N , ' / ( s ) ' e x p [ - - { P ~ / 2 M l - - (  /~)w t ix  + Ut}/hT], 
(11a) 

[(s) = {( a -- ~11)/2 ~z k T ~ n M 1 } ½  x 
s 

x j e x p  { - - ( a - - ~ n )  S Z / 2 k T C n M 1 }  ds ,  (11b) 
--130 

and  a = (¢11/2) + {(¢11/2) 2 + (09 t Mr)2}½ , ( l l c )  

where  N 1 is a normal iza t ion  cons tant ,  and  s ~- (Pl -- a x). 
The  b o u n d a r y  condi t ions  are set  up for Eq .  (11 a) as the  

fol lowing:  

/(s) --> 1 as s --~ + oo ~ (12) 
I(s) -+ o as s + - oo | ' 

these  resul t  f rom the  ini t ia l  condi t ion  t h a t  the  sys tem 
under  considera t ion  exists  in the  equi l ibr ium ini t ial  s ta te  
a t  first  and no t  in the  final  s tate .  

The  s t eady  diffusion f lux Jstl ' across the  t rans i t ion  sur- 
face, whose posi t ion is g iven  by  x = (ql -- qlt) = 0, can  be 
ca lcu la ted  f rom 

+co 

{|J f WI(¢I( = 0 ,  P l )  Pl/Mx dPl (13) St ~ 
--oo 

By mak ing  use of Eqs.  (11 a, b), we ob ta in  f inal ly  

j m  N l { ( a - - ~ n ) / 2 z k T C x l M 1 } ½ e x p ( - - U J h T  ) x st = 

+oo P2 

× f dpl p~ /~  exp ( -  p~/2 k T mo --j as exp ~-- (~-- 
- -00  --(50 

- ~Xl) s2/2 h T ~n M1} = k T N  x { 1-- (¢n/a) }½ exp  (-- Ut/k T). 

(14) 

We  shall  proceed to make  par t i a l  use of the  concept  of 
Eyr ing ' s ,  t h a t  is the  equi l ib r ium assumpt ion  wi th  regard  
to  t he  (f -- 1) degrees  of f reedom excep t  a single one of t he  
reac t ion  co-ordinate .  Then,  t he  t o t a l  f l u x / s t  is g iven  b y  
t ak ing  the  equi l ib r ium dis t r ibu t ion  func t ion  W~a for W" 
of Eq .  (7): 

+co 

J,, = J~r f ... f w:~ (q,, q. ..... q,, p2, pn ... . .  pl) dqz dqn ... des × 

~ oo 
× dp~dpa ... dpl , (15a) 

w i t h  ~ e  = N" exp  [-- {p~[2 3I~ + p]/2 M3 + ... + 

+ p~]2 M I +  O(q~,qa . . . . .  q l )} /kT] ,  (15b) 

where  N '  is a normal iza t ion  constant .  
The  n u m b e r  of sys tems in the  v ic in i ty  of the  equi l ib r ium 

ini t ia l  s ta te  is 
+co t 

n,=:v,/f...f f...fexpE--{ £ p:/2M.+ ( 1 6 )  
(q; init ial  p ;  _co ~¢ ~ I 

corifigurations) 

+ U(ql, qz . . . . .  ql) }/kT] dql dqz ... dql dpx dpz ... dps , 

whose range  of in tegra t ion  wi th  respect  to  the  posi t ion co- 
ord ina tes  is l imi ted to the  conf igura t ions  in t he  ini t ial  
s tate ,  and N ,  is a normal iza t ion  constant .  

The  ra te  cons t an t  ki for  the  chemical  reac t ion  f rom the  
in i t ia l  s t a te  to  the  final  s t a te  can  be expressed in the  
fol lowing form, 

h i = Jstlni = u(k T/h) {Q(t)/O(o} e x p ( -  Ut/k T),  (17 a) 

S. CHAZgDRASEKHAR, Rev. Mod. Phys. 15, 1 (1943). 
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where the transmission coefficient is defined by 

= {(~n/2 % M1)* + 1 }½ -- (~11/2 a )  t M1), (17b) 

and the parti t ion functions are defined classically by 

+co 

= h-(,-, J . . . j  exp [-  (pl/2 M 2 + p l / 2  3'Ia + "'" + 
- - 0 0  

+ p~/2 t'V1, + 0 (qv qa .. . . .  q]) }/k T] dq~ dqa.., dql dpz dpa.., dp,  

07c) 

for the molecular configurations in the neighbourhood of 
the transition surface, and 

+co 1 

Q, , ,=h ,  [ f  ... f f  exp [ - ( S  p /2M=. 
(q: ini t ia l  p;  --co ¢ t ~ l  

configurations) 

+ U(ql, q~ . . . . .  qs ) } /kT]dqldqa . . .dq ldp~dp~. . .dp l  (17d) 

for the molecular configurations in the initial state, re- 
spectively. When the bot tom of the potential  hollow be- 
longing to the initial state is chosen as the original level of 
the energy scale, Eq. (17 a) can be transformed into 

k i = u(k T/h) {Q(t)/Q(i) } exp(--A Uilh T) ,  (17') 

with AU i = (U t - -  Ul). 
Here the value a t  the potential  bot tom of the initial 

state has been called U t. 
This expression can be compared with Eyring 's  one of 

rate constant, I t  must  be remarked tha t  the transmission 
coefficient is introduced inevitably to the expression of 
Eq. (17a), and has definite physical meaning. 

F o r  the case of large friction of 

1/r 1 - ~ n / M ,  >> 2 w t ,  (18a) 

where T 1 is the time constant of the relaxation process of 
the momentum referring to the reaction co-ordinate, the 
transmission coefficient of Eq. (17 b) is reduced to 

n "" (M I w J t n ) .  (18b) 

o n  the other hand, for the frictiontess case of the limit of 

Cn -->" 0, (19a) 

the transmission coefficient approaches to unity, 

+ 1. (19b) 

This last situation in the limit of Eq. (19a) corresponds 
correctly to Eyring's  t reatment .  

I t  will be easily seen tha t  the case of Eq. (18a) is equi- 
valent  to the t rea tment  on the basis of the diffusion model 
of chemical reaction in a narrow sense. I t  has been known 
tha t  KRAMERS-CHANDRASEKHAR'S equation being the 
diffusion equation in phase  space is transformed into 
Smoluchowski's diffusion equation in position space only, 
if we ignore all effects which occur in intervals of the order 
~r = M/¢. In  the present problem, by making use of the 
local equilibrium for the momentum distribution 

Wl(ql .pt;  t) ~_ wl(ql ; t) ( 2 Z* M l  k T ) - ½  exp  (-- p~/2 Mx k T ) , 
(20) 

and integrating suitably Eq. (8) with respect to Pl, we 
obtain the following diffusion equation of Smoluchowski's, 

OwdOt =, - OlOq~ J~" 1 
(21) 

j l t l  DI~) OwxlOq 1 + (Fi l th )  Wl [, 

where Jtst~ denotes to be Smoluchowski's diffusion flux 

along the reaction co-ordinate ql, and the diffusion con- 
stant is defined by D m =- kT /¢  n . 

If the equilibrium condition is valid in the position 
space too, we obtain 

w x = constant x exp {-- U(qi, q, . . . . .  ql)/DCll¢n} (22a) 

by the integration of Eq.  (21) under the condition of 
= o .  

Combining Eq. (22a) with Eq. (20), the following equi- 
librium distribution function can be obtained, 

Wi,eq = Neq e x p [ -  {p[/2 M t  + U}/kT] ,  (22b) 

where Neq is a normalization constant. 
The expression of the rate constant on the basis of 

Eq. (21) under the steady condition is given by ~,~ 

= (kT/¢,l)( f exp (U/aT) ael f exp (-V/kr)  aei)-i. 
r a n g e  of in it ial  ( 2 3 ) 

potential barrier configurations 

By making use of F.q. (4) for the potential  energy in the 
neighbourhood of the transition surface, and supplement- 
ing the integration with regard to the space of momenta  
and the other co-ordinates, Eq. (23) becomes 

k~ = (kT/~n h) 

-t-OO 

. . . . . . . .  X 

× {Q(t)/Q(i)} exp (-- A Udh T) = 

= (MI %/~n) (hT/h) {Q(t)/Q(i)} e x p ( -  d U~/kT), (24) 

where Q(t), Q(i), and A Ui have the same forms and mean- 
ings as before. I t  has been found tha t  Eq. (24) is just  
identical with Eq. (17') under the condition of Eq. (18a), 
and the transmission coefficient is given by 

= M 1  o h / ~ n .  

Therefore, it is concluded tha t  the rate constant  of 
Eq. (17'), derived from the application of KRA~mRS- 
CrIANDRASEKrlAR'S equation to the motion of a single 
degree of freedom along the reaction co-ordinate, serves 
as a general expression which unifies the two types of 
effusion and diffusion of chemical reaction. 

Zusammen[assung. Der bei Ablaut einer chemischen 
Reaktion stattfindende Elementarvorgaug wird mit  Hilfe 

d e s  Diffusionsmodells untersucht. Der hierbei fiir die Ge- 
schwindigkeitskonstante gewonnene Ausdruck [(31. (17')] 
s t immt in dem Grenzfalle, dass der Reibungskoeffizient 
versehwindet, mit  dem Ergebnis nach der Eyringschen 
Ubergangsmethode und im Grenzfalle grosser Reibungs- 
koeffizienten mit  der Darstellung Gleichung (24) fiir den 
Smoluchowskischen Diffusionsfluss im Lagekoordinaten- 
raume iiberein. 

N. TAKEYAMA s 

The Institute o/Biophysics,  Faculty o / A  griculture, Kyushu  
University, Fukuoka  (Japan),  Apr i l  77, 1961. 

6 H, C. BRINKMAN, Physica 2Z, 29, 284 (1956). 
J. L. WOOD and A. SUDDABY, Trans. Faraday Soe. 53, 1437 (1957). 

s The author takes great plcasure in acknowledging the encourage- 
ment of Prof. K. OoMom. 


