15, IX. 1961

Riassunto. E stata studiata la possibilita di seguire con
un titolatore automatico impiegato come pH-stat I’anda-
mento della respirazione e della glicolisi di cellule soprav-
viventi. I valori ottenuti sono in accordo con quelli
descritti nella letteratura.

Rispetto al metodo manometrico sono segnalati alcuni
vantaggi quali la rapiditd delle determinazioni, la possi-
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According to the theory of transition state?, the reaction
rate constant can be expressed as

k= wlkT/h} {Qu/Qu} exp (—4U/kT), (1)

where x is the transmission coefficient, 2T the statistical
temperature which is the absolute temperature T mul-
tiplied by Boltzmann’s constant 2, # Planck’s constant,
QO the partition function of the so-called transition state,
Qi) the partition functipn of the initial molecular system,
and AU, is the activation energy. The chemical reaction
has been classified by Horivuti into the two types, the one
being an effusion-type and the other a diffusion-type, by
the relations of the transmission coefficient » ~ 1 and
» <€ 1, respectively2.

However, » is a correction factor brought somewhat
formally into the expression of rate constant. For ‘the
reaction of effusion-type (x ~ 1), it can b€ considered that
the transition state method of Eyring’s is a good approach.
But it must be supposed that the Eyring’s theory is in-
applicable to the reaction of diffusion-type, because the
method is based on the equilibrium model ‘of chemical
reaction whose -original concept can be found in the
classical treatment of ARREENIUS’3, Therefore, it will be
desirable to deal with the problem from the more general
point of view.

This paper describes an approach tothe non-equilibrium
model of chemical reaction from the moleeular dynamical
theory. One of our purposes in this work is to find the
mutual relationships among the several theoretical treat-
ments of reaction rate from a unified and general situation.

In the approach based on the non-equilibrium model,
the problem is reduced to the diffusion problem of
particles over a potential barrier from a potential-hollow
corresponding to the initial configurations of reaction
system to another hollow belonging to the final con-
figurations of product system on the adiabatic potential
energy surfacet. If the degree of freedom of the reacting
molecular system is given by f, the transition (hyper-)
surface of the dimension (f — 1) can be defined in the
vicinity of the ‘watershed’ of a potential barrier. A profile
of the potential energy surface in the two dimensional
case is shown diagrammatically in Figure 1. Our interest
is focused upon the diffusion flux of the representative
points of reaction system across the transition surface in
phase space as a consequence of Brownian motion. It may
be safely said that Brownian motion in the molecular
level is responsible for diffusion process in the macroscopic
level, in a broad sense. As shown in Figure 2, the behav-
iour of the flow of the representative points can be likened
to the motion of Brownian particles as a whole. Such a
Brownian particle-like motion results from the irregularly
fluctuating forces due to the interaction between the re-
action system and the surroundings. The reacting system
is presumed to accept or lose energy through the fluctuat-
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bilita di variare pili parametri sperimentali nel corso
dell’esperienza nonché la facilita di prelievo di materiale
durante I'esperimento.
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Fig. 1. A profile of two-dimensional potential energy surface.
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Fig. 2. Brownian particle-like motjon of the representative points in
the ‘neighbourhood of the transition surface.
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ing forces from the surroundings. Then the passage of the
reacting system in the vicinity of the top of potential
barrier to the final state taking the molecular configu-
rations of product can be achieved by means of a large
number of fluctuations.

In the f-dimensional phase space, the co-ordinates of
position are called (g, ¢5, ..., g;), the conjugate momenta
are (py, po, ..., Py), and the reduced masses with regard to
those degrees of freedom are (M,, M,, ..., M,), respec-
tively. The co-ordinates are chosen so that these normalize
each other in the neighbourhood of the transition surface,
and g, is selected as the reaction co-ordinate.

The Hamiltonian H, of the reaction system is given by

f
H, =a_21 P22 Mo+ Ulgy 4, -, Gy)s (2)

where U(g,, 45, ...
system.

The potential energy of the system is developed in the
power series of the displacements around the saddle-point
in the transition surface, whose molecular configuration is
specified by suffix ¢, as the following:

, qs) is the potential energy of the
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/
Ulgy. 90, :45) = UldssGats - -2 G50) + F):l 16“'84% 4gg+ -+
o, =

(3a)
where Agy = (gq — 94:)- Since the position co-ordinates
are normal in the vicinity of the transition surface, the
C,p matrix has only the diagonal element:

f
Ulgr 920« 40} = Ul Qo -1 Gpd + 5 Canldga)®+ oo+
a=1

(3b)

All the elements but the C,, are positive, because of ¢,

being the reaction co-ordinate. The C,, element can be put
as

Cu=— (/2 (02U/0g3) gq,-0 = — (a) 0} My,  (3¢)

where w, has the dimension of frequency {multiplicd by
2 7). All the other terms are collectively called

- f
U(‘lz: /TR Qf) = chaoc(AQa)z- (Bd)
o=

After all, Eq. (3b) becomes

U(g1. 90 ---,47) = Uy — (*/2) wf My %+ ﬁ(?zr%:-”:%) dory
4
where Up= Ulgyy, 9o, -2 4}, and 2= dqy = (g1 ~ quy)-

The KrRaMERS-CHANDRASEKHAR's*$equation governing
the time variation of W(g,, s .., 950 P1s P2r -, D3 8)s
which is the distribution function for the molecular
system of f-degrees of freedom, is written as

{0/0t + Fy 0f0py + (Puf/My) 0/0gy} W = (5)
= 0]0py 1T Lop0W [0pg + Loplbs/Mg) W1,
where Fy = — 0U/[0q,, and {,p is the friction tensor:
Lag = (1/RT) / A, A4t + 5) ds, (6)
0

A, is the component of the total fluctuating force owing
to theinteraction between the «-th degree of freedom of the
reaction system and the surroundings, and the bar means
an ensemble average with respect to the initial co-
ordinates and momenta of all the other molecular systems.

Provided that all the {,z except the [, vanish, the
component along the reaction co-ordinate of the friction
tensor, and under the condition of Eq. (4), W becomes
separable as the following:

Wigy go oo @ Pra b oo P53 8) = (7)
= Wilgu P 8) - Wide dor -0 d5o P Pae -0 P18,

where W,(g,, $,; f) is the solution of the equation
(0/0t + Fy 0[0p; + P2/ M, 0[0q,) Wy = (8)
= 0/0p (kT L3y OW,[0py + §1a P2/My W),

In the neighbourhood of the transition surface, Eq. (8)
is reduced to
(0/0t + w} My x 0/0py + /M, 0/0x) Wy = ©)

= 0/0py(kT L3y OW,/0py + Lia D1/ My W),
Here we have used Eq. (4) for F,.

Admitting that the difference of the potential energies
between the top of barrier and the bottom of the hollow of
the initial state, (U, — U)), is sufficiently larger than the
thermal energy &7, we can consider the steady diffusion
flux in the neighbourhood of the transition surface.

Eq. (9) becomes thereby
(wf M% % 0/0p, + Py 0/0x) W, = (10)

= 0[0p, (AT {yy M, OW,[opy + L Py W,).
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ExPERIENTIA XVII[Y

According to the treatment of CHANDRASEKHAR'SS, the
solution of Eq. (10} can be obtained in the form of

Wi= N, f(s)-exp [ {p}/2M,— (o) o} My 5+ U} RT],

(11a)

fs)={(a—831)/2m RT {3y My} %
x [ exp {—(a—Cy) sY2RT Ly My} ds,  (11Db)
and @ = {{1/2) + {({12/2)* + (o, My)%}%, (11c)

where N, is a normalization constant, and s = (p, — a x).

The boundary conditions are set up for Eq. (11a) as the
following:

Hs)=>1 as

Hs)—>0 as

§—>+ o0 i (12)
§>— 0
these result from the initial condition that the system
under consideration exists in the equilibrium initial state
at first and not in the final state.

The steady diffusion flux J{' across the transition sur-
face, whose position is given by ¥ = (g, — g,) = 0, can be
calculated from

+o0
I = [ Wiw =0, p,) py/Myap,. (13)

By making use of Egs. (11a,b), we obtain finally

JP =N {(a~ )27 kT {3y M, }% exp (—U/kT) x
Bl P2
x [ apypuIMyexp (—p22 kT My) [ dsexp (—(a—
oo —o0
~ L) s¥/2RT Ly My} = RTN, {1—(8yi/a) Yeexp (— U, /R T).
(14)
We shall proceed to make partial use of the concept of
Eyring’s, that is the equilibrium assumption with regard
to the (f — 1) degrees of freedom except a single one of the
reaction co-ordinate, Then, the total flux [, is given by

taking the equilibrium distribution function W, for W’
of Eq. (7):

+00
Jst :]it“f"'/W;q (@2 930 s Qs Pos P o1 Py) G245 . A5 X
- X dpydps...dp,, (152)
with W[, = N'exp [—{pEf2 M, + pE2 My + -+
+ £3/2 M+ Ulgs, ga, -, 4)}RT],  (15b)
where N’ is a normalization constant.

The number of systems in the vicinity of the equilibrium
initial state is

+00
!
ni=Nz./f‘..‘.ff.-.fexp —{ é*lpg;z M, +
(g; initial p; —oc0 *
configurations}

+ Ulgy, Gar - 4)}RT) dg, Aq, ... Ay Py @ps .. d;

whose range of integration with respect to the position co-
ordinates is limited to the configurations in the initial
state, and N is a normalization constant.

The rate constant %, for the chemical reaction from the
initial state to the final state can be expressed in the
following form,

k; = Jaln; = =k T[R) {Qn/Qn} exp(—UykT), (17a)

(16)

5 S. CHANDRASEKHAR, Rev. Mod. Phys. 15, 1 (1943).
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where the transmission coefficient is defined by
x= {({n/2 0, My)? + 114 — (£1/2 0, M), (17Db)

and the partition functions are defined classically by

+o0
Q= h-U-1 f f exp [—{p2/2 M, + P22 My + -+
—00

+ 32 M+ Ulgs ar - 0 YR T1 A2, dgs ... dgy @py dp, .. dp,
(17¢)

for the molecular configurations in the neighbourhood of
the transition surface, and

+00
/
Q(1)=h_l // con ff exp [—{Zﬁ§/2M1+
(g:initial  p; —o00 a=1
configurations)

+ Ulg1, s, - 99) }/RT) dg, dqy ... dqy APy APy ... APy

{or the molecular configurations in the initial state, re-
spectively. When the bottom of the potential hollow be-
longing to the initial state is chosen as the original level of
the energy scale, Eq. (17a) can be transformed into

k= =k TIh) {Q/Qi} exp(—AURT),

with AU, = (U, — U)).

Here the value at the potential bottom of the initial
state has been called U,.

This expression can be compared with Eyring’s one of
rate constant. It must be remarked that the transmission
coefficient is introduced inevitably to the expression of
Eq. (17a), and has definite physical meaning.

For the case of large friction of

Ve, = /M, > 2 o,

(174)

(17)

(18a)

where 7; is the time constant of the relaxation process of
the momentum referring to the reaction co-ordinate, the
transmission coefficient of Eq. (17b) is reduced to

w = (M w,fly).

On the other hand, for the frictionless case of the limit of

(18b)

{u—>0, {19a)
the transmission coefficient approaches to unity,
%> 1. {191}

This last situation in the limit of Eq. (19a) corresponds
correctly to Eyring’s treatment.

It will be easily seen that the case of Eq. (18a) is equi-
valent to the treatment on the basis of the diffusion model
of chemical reaction in a narrow sense. It has been known
that KRAMERS-CHANDRASEKHAR’s equation being the
diffusion equation in phase space is transformed into
Smoluchowski’s diffusion equation in position space only,
if we ignore all effects which occur in intervals of the order
v = M/[. In the present problem, by making use of the
local equilibrium for the momentum distribution

Wilguprt) = wilgy: ) Qe M RT) - % exp (= pi/2 My RT),

(20)

and integrating suitably Eq. (8) with respect to p,;, we

obtain the following diffusion equation of Smoluchowski’s,
duw, 0t = — 00g, T

JV = — DM ow,jog, + (Fyfly) wef’

where J denotes to be Smoluchowski’s diffusion flux

(21)
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along the reaction co-ordinate g,, and the diffusion con-
stant is defined by DM = kT, .

If the equilibrium condition is valid in the position
space too, we obtain

w, = constant x exp {— U{gy, s, ..., )/ DV} (22a)

by the integration of Eq. (21) under the condition of
](xl = 0,

*Combining Eq. (22a) with Eq. (20), the following equi-
librium distribution function can be obtained,

Wieqo = Neg expl—{p3/2 My + U}/kT], (22D}

1€q
where N,, is a normalization constant.

The expression of the rate constant on the basis of
Eq. (21) under the steady condition is given by 7

RV = (RT/t){ [ exp (U/RT) dg, [ exp (~UAT) dgy).
range of _initial (23)
potential barrier configurations

By making use of Eq. (4) for the potential energy in the
neighbourhood of the transition surface, and supplement-
ing the integration with regard to the space of momenta
and the other co-ordinates, Eq. {23) becomes

+00
[ exp(— p/2 M, kT) ap,

Ri=RTtnh) ‘—og x
[ exp (— w} M, 222 RT) dx

—0

x {Qw/Qw}exp (— AURT) =
= (My wyf81,) (RT/R) {Q(p/Qun)} exp{— AU /kT),

where Q,), Q). and AU, have the same forms and mean-
ings as before. It has been found that Eq. (24) is just
identical with Eq. (17’) under the condition of Eq. (18a),
and the transmission coefficient is given by

%= M; @8y

Therefore, it is concluded that the rate constant of
Eq. (179, derived from the application of KRrRAMERs-
CHANDRASEKHAR'S equation to the motion of a single
degree of freedom along the reaction co-ordinate, serves
as a general expression which unifies the two types of
effusion and diffusion of chemical reaction.

(24)

Zusammenfassung. Der bei Ablauf einer chemischen
Reaktion stattfindende Elementarvorgang wird mit Hilfe
des Diffusionsmodells untersucht. Der hierbei fiir die Ge-
schwindigkeitskonstante gewonnene Ausdruck [Gl. (17’)]
stimmt in dem Grenzfalle, dass der Reibungskoeffizient
verschwindet, mit dem Ergebnis nach der Eyringschen
Ubergangsmethode und im Grenzfalle grosser Reibungs-
koeffizienten mit der Darstellung Gleichung (24) fiir den
Smoluchowskischen Diffusionsfluss im Lagekoordinaten-
raume iiberein,

N. TAREYAMA®

The Institute of Biophysics, Faculty of Agricultuve, Kyushu
University, Fukuoka (Japan), April 17, 1961.

¢ H, C. BringmaN, Physica 22, 29, 284 (1956).

7 J.L.Woop and A. SuppaBy, Trans. Faraday Soc. 53, 1437 (1957).

8 The author takes great pleasure in acknowledging the encourage-
ment of Prof. K. OomoRr1.



